Abstract. We discuss solution methods for inverse problems, in which the unknown parameters are connected to the measurements through a partial differential equation (PDE). Various features that commonly arise in these problems, such as inversions for a coefficient field, for the initial condition in a time-dependent problem, and for source terms are being studied in the context of three model problems. These problems cover distributed, boundary, as well as point measurements, different types of regularizations, linear and nonlinear PDEs, and bound constraints on the parameter field. The derivations of the optimality conditions are shown and efficient solution algorithms are presented. Short implementations of these algorithms in a generic finite element toolkit demonstrate practical strategies for solving inverse problems with PDEs. The complete implementations are made available to allow the reader to experiment with the model problems and to extend them as needed.
. Introduction. The solution of inverse problems, in which the parameters are linked to the measurements through the solution of a partial differential equation (PDE) is becoming increasingly feasible due to the growing computational resources and the maturity of methods to solve PDEs. Often, a regularization approach is used to overcome the ill-posedness inherent in inverse problems, which results in a continuous optimization problem with a PDE as equality constraint and a cost functional that involves a data misfit and a regularization term. After discretization, these problems result in a large-scale numerical optimization problem, with specific properties that depend on the underlying PDE, the type of regularization and on the available measurements.
We use three model problems to illustrate typical properties of inverse problems with PDEs, discuss solvers and demonstrate their implementation in a generic finite element toolkit. Based on these model problems we discuss several commonly occurring features, as for instance the estimation of a parameter field in an elliptic equation, the inversion for right-hand side forces and for the initial condition in a time-dependent problem. Distributed, boundary or point measurements are used to reconstruct parameter fields that are defined on the domain or its boundary. The derivation of the optimality conditions is demonstrated for the model problems and the steepest descent method as well as inexact Newton-type algorithms for their solution are discussed.
Numerous toolkits and libraries for finite element computations based on variational forms are available, for instance COMSOL Multiphysics [10] , deal.II [4] , dune [5] , the FEniCS project [11, 20] and Sundance, a package from the Trilinos project [17] . These toolkits are usually tailored towards the solution of PDEs and systems of PDEs, and cannot be used straightforwardly for the solution of inverse problems with PDEs. However, several of the above mentioned packages are sufficiently flexible to be used for the solution of inverse problems governed by PDEs. Nevertheless, some knowledge of the structure underlying these packages is required since the optimality systems arising in inverse problems with PDEs often cannot be solved using generic PDE solvers, which do not exploit the optimization structure of the problems. For illustration purposes, this report includes implementations of the model problems in COMSOL Multiphysics (linked together with MATLAB) 1 . Since our implementations use little finite element functionality that is specific to COMSOL Multiphysics, only few code pieces have to be changed in order to have these implementations available in other finite element packages.
Related papers, in which the use of generic discretization toolkits for the solution of PDE-constrained optimization or inverse problems is discussed are [15, 21, 23] . Note that the papers [21, 23] focus on optimal control problems and, differently from our approach, the authors use the nonlinear solvers provided by COMSOL Multiphysics to solve the arising optimality systems. For inverse problems, which often involve significant nonlinearities, this approach is often not an option. In [15] , finite differencediscretized PDE-constrained optimization problems are presented and short MATLAB implementations for an elliptic, a parabolic, and a hyperbolic model problem are provided. A systematic review of methods for optimization problems with implicit constraints, as they occur in inverse or optimization problems with PDEs can be found in [16] . For a comprehensive discussion of regularization methods for inverse problems, and the numerical solution of inverse problems (which do not necessarily involve PDEs) we refer the reader to the text books [9, 13, 24, 26] .
The organization of this paper is as follows. The next three sections present model problems, discuss the derivation of the optimality systems, and explain different solver approaches. In Appendix A, we discuss practical computation issues and give snippets of our implementations. Complete code listings can be found in Appendix B and can be downloaded from the authors' websites.
Parameter field inversion in elliptic problem.
We consider the estimation of a coefficient in an elliptic partial differential equation as a first model problem. Depending on the interpretation of the unknowns and the type of measurements, this model problem arises, for instance, in inversion for groundwater flow or heat conductivity. It can also be interpreted as finding a membrane with a certain spatially varying stiffness. Let Ω ⊂ R n , n ∈ {1, 2, 3} be an open, bounded domain and consider the following problem: (Ω) is the space of functions vanishing on ∂Ω with square integrable derivatives. It is well known that for every a, which is bounded away from zero, (2.2) admits a unique solution, u (this follows from the Lax-Milgram theorem [7] ). Based on this result it can be shown that the regularized inverse problem (2.1) admits a solution [13, 26] . However, this solution is not necessary unique.
Optimality system.
We now compute the first-order optimality conditions for (2.1), where, for simplicity of the presentation, we neglect the bound constraints on a, i.e., U ad := L ∞ (Ω). We use the (formal) Lagrangian approach (see, e.g., [14, 25] ) to compute the optimality conditions that must be satisfied at a solution of (2.1). For that purpose we introduce a Lagrange multiplier function p to enforce the elliptic partial differential equation (2.1b) (in the weak form (2.2)). In general, the function p inherits the type of boundary condition as u, but satisfies homogeneous conditions. In this case, this means that
(Ω) → R, which we use as a tool to derive the optimality system, is given by
Here, a and u are considered as independent variables. The Lagrange multiplier theory shows that, at a solution of (2.1) variations of the Lagrangian functional with respect to all variables must vanish. These variations of L with respect to (p, u, a) in directions (ũ,p,ã) are given by
where the variations (ũ,p,ã) are taken from the same spaces as (u, p, a). Note that (2.4a) is the weak (or variational) form of the state equation (2.1b). Moreover, assuming that the solutions are sufficiently regular, (2.4b) is the weak form of the adjoint equation
In addition, the strong form of the control equation (2.4c ) is given by
Note that the optimality conditions (2.4) (in weak form) or (2.1b), (2.5) and (2.6) (in strong form) form a system of PDEs. This system is nonlinear, even though the state equation is linear (in u). To find the solution of (2.1), these conditions need to be solved. We now summarize common approaches to solve such a system of PDEs. Naturally, PDE systems of this form can only be solved numerically, i.e., they have to be discretized using, for instance, the finite element method. In the sequel, we use variational forms to present our algorithms. These forms can be interpreted as continuous (i.e., in function spaces) or finite-dimensional as they arise in finite element discretized problems. For illustration purposes we also use block-matrix notation for the discretized problems.
Steepest descent method.
We start with describing the steepest descent method [19, 26] for the solution of (2.1). This method uses first-order derivative (i.e., gradient) information only to iteratively minimize (2.1a). While being simple and commonly used, it cannot be recommended for most inverse problems with PDEs due to its unfavorable convergence properties. However, we briefly discuss this approach for completeness of the presentation.
The steepest descent method updates the parameter field a using the gradient g := ∇ a J(a) of problem (2.1). It follows from Lagrange theory (e.g., [25] ) that this gradient is given by the left hand side in (2.4c), provided (2.4a) and (2.4b) are satisfied. Thus, the steepest descent method for the solution of (2.4) computes iterates (u k , p k , a k ) (k = 1, 2, . . .) as follows: Given a coefficient field a k , the gradient g k is computed by first solving the state problem
for u k . With this u k given, the adjoint equation
is solved for p k . Finally, the gradient g k is obtained by solving
Since the negative gradient g k is a descent direction for the cost functional J, it is used to update the coefficient a k , i.e.,
Here, α k is an appropriately chosen step length such that the cost functional is sufficiently decreased. Sufficient descent can be guaranteed, for instance, by choosing α k that satisfies the Armijo or Wolfe condition [22] . This process is repeated until the norm of the gradient g k is sufficiently small. A description of the implementation of the steepest descent method in COMSOL Multiphysics, as well as a complete code listing can be found in Appendix A.1 and Appendix B.1. While the steepest descent method is simple and commonly used, Newton-type methods are often preferred due to their faster convergence.
Newton methods.
Next, we discuss variants of the Newton's method for the solution of the optimality system (2.4). The Newton method requires second-order variational derivatives of the Lagrangian (2.3). Written in abstract form, it computes an update direction (â k ,û k ,p k ) from the following Newton step for the Lagrangian functional: 
9) for all (ũ,ã,p). To illustrate features of the Newton method, we use the matrix notation for the discretized Newton step and denote the vectors corresponding to the discretization of the functionsâ k ,û k ,p k byâ k ,û k andp k . Then, the discretization of (2.9) is given by the following symmetric linear system 10) where W uu , W ua , W au , and R are the components of the Hessian matrix of the Lagrangian, A and C are the Jacobian of the state equation with respect to the state and the control variables, respectively and g u , g a , and g p are the discrete gradients of the Lagrangian with respect to u, a and p, respectively. Systems of the form (2.10), which commonly arise in constrained optimization problems are called Karush-Kuhn-Tucker (KKT) systems. These systems are usually indefinite, i.e., they have negative and positive eigenvalues. In many applications, the KKT systems can be very large. Thus, solving them with direct solvers is often not an option, and iterative solvers must be used; we refer to [2] for an overview of iterative methods for KKT systems.
To relate the Newton step on the first-order optimality system to the underlying optimization problem (2.1), we use a block elimination in (2.10). Also, we assume that u k and p k satisfy the state and the adjoint equations such that g u = g p = 0. To eliminate the incremental state and adjoint variables,û k andp k , from the first and last equations in (2.10) we usê
This results in the following reduced linear system for the Newton step
with the reduced Hessian H given by
This reduced Hessian involves the inverse of the state and adjoint operators. This makes it a dense matrix that is often too large to be computed (and stored). However, the reduced Hessian matrix can be applied to vectors by solving linear systems with the matrices A and A T . This allows to solve the reduced Hessian system (2.12a) using iterative methods such as the conjugate gradient method. Once the descent direction a k is computed, the next step is to apply a line search for finding an appropriate step size, α, as described in Section 2.2. Note that each backtracking step in the line search involves the evaluation of the cost functional, which amounts to the solution of the state equation with a trial coefficient field a k+1 .
The Newton directionâ k is a descent direction for (2.1) only if the reduced Hessian (or an approximationH of the reduced Hessian) is positive definite. While H is positive in a neighborhood of the solution, it can be indefinite or singular away from the solution, andâ k is not guaranteed to be a descent direction. There are several possibilities to overcome this problem. A simple remedy is to neglect the terms involving W ua and W au in (2.12b), which leads to the Gauss-Newton approximation of the Hessian, which is always positive definite. The resulting directionâ k is always a descent direction, but the fast local convergence of Newton's method can be lost when neglecting the blocks W ua and W au in the Hessian matrix. A more sophisticated method to ensure the positive definiteness of an approximate Hessian is to terminate the conjugate gradient method for (2.12a) when a negative curvature direction is detected [12] . This approach, which is not followed here for simplicity, guarantees a descent direction while maintaining the fast Newton convergence close to the solution.
2.4.
Gauss-Newton-CG method. To guarantee a descent directionâ k in (2.12a), the Gauss-Newton method uses the approximate reduced Hessiañ
Compared to (2.12b), using the inexact reduced Hessian (2.13) also has the advantage that the matrix blocks W ua and W au do not need to be assembled. Note that W ua and W au are proportional to the adjoint variable. If the measurements are attained at the solution (i.e., u = u d ), the adjoint variable is zero and thus one obtains fast local convergence even when these blocks are being neglected. In general, particularly in the presence of noise, measurements are not attained exactly at the solution and the fast local convergence property of Newton's method is lost. However, often adjoint variables are small and the Gauss-Newton Hessian is a reasonable approximation for the full reduced Hessian. The Gauss-Newton method can alternatively be interpreted as an iterative method that computes a search direction based on an auxiliary problem, which is given by a quadratic approximation of the cost functional and a linearization of the PDE constraint [22] . As for the Newton method, also for the Gauss-Newton method the optimal step length in a neighborhood of the solution is α = 1. This property of Newton-type methods is a significant advantage compared to the steepest descent method, where no prior information on a good step length is available.
2.5.
Bound constraints via the logarithmic barrier method. In the previous sections we have neglected the bound constraints on the coefficient function a in the inverse problems (2.1). However, in practical applications one often has to (or would like to) impose bound constraints on inversion parameters. This is usually due to a priori available physical knowledge about the parameters that are reconstructed in the inverse problem. In (2.1), for instance, a has to be bounded away from zero for physical reasons and to maintain the ellipticity (and unique solvability) of the state equation. Another example in which the result of the inversion can benefit from imposing bounds is the problem in Section 3, where we invert for a concentration, which cannot be negative.
We now extend Newton's method to incorporate bounds of the form (2.1c). The approach used here is a very simplistic one, namely the logarithmic barrier method [22] . We add a logarithmic barrier with barrier parameter µ to the discretization of the optimization problem (2.1) to enforce a − a o ≥ 0, i.e., a o is the lower bound for the coefficient function a. Then, the discretized form of the Newton step on the optimality conditions is given by the following linear system 14) where the same notations as in (2.10) are used. The terms due to the logarithmic barrier impose the bound constraints at nodal points and only appear in the control equation. The matrix Z is diagonal with components µ (a k −ao) 2 . Note that both, Z and the right hand side term µ a k −ao become large at points where a k is close to the bound a o , which can lead to ill-conditioning.
Neglecting the terms W ua and W au we obtain a Gauss-Newton method for the logarithmic barrier problem, similarly as demonstrated in Section 2. 4 . Once the Newton incrementâ k has been computed, a line search for the control variable update is applied. To assure that a k+1 − a o > 0 the choice for the initial step length is [22] :
It can be challenging to choose the barrier parameter µ appropriately. One would like µ to be small to keep the influence of the barrier function small in the inner of the feasible set U ad . However, this can lead to small step lengths and severe ill-conditioning of the Newton system, which has led to the development of methods in which a series of logarithmic barrier problems are solved for a decreasing sequence of barrier parameters µ. For more sophisticated approaches to deal with bound constraints, such as the (primal-dual) interior point method, or (primal-dual) active set methods, we refer the reader to [3, 6, 22, 27 ]. An alternative way to impose bound constraints in the optimization problem is choosing a parametrization of the parameter field that already incorporates the constraint. For example, if a 0 = 0 one can parametrize the coefficient field as a = exp(b), and invert for b. Thus, a satisfies the non-negativity constraint by construction. This approach comes at the price of adding additional nonlinearity to the optimality system.
Numerical tests.
In this section, we show results obtained with the steepest descent and the Gauss-Newton-CG methods as described in Sections 2.2 and 2. 4 . In particular, compare the number of iterations needed by these methods to achieve convergence for a particular tolerance. In Fig. 2 .1, we show the "true" coefficient (left), which is used to synthesize measurement data by solving the state equation (a similar test example is used in [3] ). We add noise to this synthetic data (see Fig. 2 .1, center) to lessen the "inverse crime" [18] , which occurs when the same numerical method is used for the synthetization of the data and for the inversion. An additional strategy to avoid inverse crimes would be solving the state equation to synthesize measurement data using a different discretization or, at least, a finer mesh. The recovered coefficient, i.e., the solution of the inverse problem is shown on the right in Note that while the "true" coefficient is discontinuous, the reconstruction is continuous. This is a result of the regularization, which does not allow for discontinuous fields (the regularization term would be infinite if discontinuities were present in the reconstruction). A more appropriate regularization that allows discontinuous reconstructions is the total variation regularization, see Section 5. Table 2 .1 compares the number of iterations needed by the steepest descent and the Gauss-Newton-CG method. As can be seen, for all four meshes the number of iterations needed by the Gauss-Newton method is significantly smaller than the number of iterations needed by the steepest descent method. We note that while computing the steepest descent direction requires only the solution of one state, one adjoint and one control equation at each iteration, the Gauss-Newton method additionally requires the solution of the incremental equations for the state and adjoint at each CG iteration. Since an accurate solution of the Gauss-Newton system is only needed close to the solution, we use an inexact CG method to reduce the number of CG iterations, and hence the number of state-adjoint solves. For this purpose, we adjust the CG-tolerance by relating it to the norm of the gradient, i.e.,
where g 0 a and g k a are the initial gradient and the gradient at iteration k, respectively. This choice of the tolerance leads to an early termination of the CG iteration away from the solution and enforces a more accurate solution of the Newton system as the gradient becomes small (i.e., close to the solution). While compared to a more accurate computation of the Newton direction, this inexactness can result in a larger number of Newton iterations, but reduces the overall number of CG iterations significantly.
With the early termination of CG, the Gauss-Newton method requires significantly less number of forward-adjoint solves than does the steepest descent method, as can be seen in Table 2 .1. For example, on a mesh of 40 × 40 elements, the GaussNewton method takes 11 outer (i.e., Gauss-Newton) iterations and overall 27 inner (i.e., CG) iterations, which amounts to 39 forward-adjoint solves overall. The steepest descent method, on the other hand, requires 267 state-adjoint solves. This performance difference becomes more evident on finer meshes: While for the Gauss-Newton method the iteration numbers remain almost constant, the steepest descent method requires significantly more iterations as the mesh is refined (see Table 2 3 . Initial condition inversion in advective-diffusive transport. We consider a time-dependent advection-diffusion equation, in which we invert for an unknown initial condition. The problem can be interpreted as finding the initial distribution of a contaminant from measurements taken after the contaminant has been subjected to diffusive transport [1] . Let Ω ⊂ R n be open and bounded (we choose n = 2 in the sequel) and consider measurements on a part Γ m ⊂ ∂Ω of the boundary over the time horizon [T 1 , T ], with 0 < T 1 < T . The inverse problem is formulated as follows:
where u is the solution of
Here, u d denotes measurements on Γ m , γ 1 and γ 2 are regularization parameters corresponding to L 2 -and H 1 -regularizations, respectively, and κ > 0 is the diffusion coefficient. The boundary ∂Ω is split into disjoint parts Γ l , Γ r , Γ and Γ m as shown in Figure 3 .1 (left). The velocity field, v, is computed by solving the steady NavierStokes equation with the side walls driving the flow (see the sketch on the right in Fig. 3.1) :
where q is pressure, Re is the Reynolds number, and g = (g 1 , g 2 ) = 0 on ∂Ω but g 2 = 1 on Γ l and g 2 = −1 on Γ r . The inverse problem (3.1) has several different properties compared to the elliptic parameter estimation problem (2.1). First, the state equation is time-dependent; second, the inversion is based on boundary data only; third, the inversion is for an initial condition rather than a coefficient field; forth, both L 2 -regularization and H 1 -regularization for the initial condition can be used; and, fifth, the adjoint operator (i.e., the operator in the adjoint equation) is different from the operator in the state 
The optimality conditions for (3.1) are obtained by setting variations of the Lagrangian with respect to all variables to zero. Variations with respect to p and p 0 reproduce the state equation (3.1b)-(3.1d). The variation with respect to u in a directionũ is
Partial integration in time for the termũ t p and in space for (v · ∇ũ)p = ∇ũ · (vp) and κ∇ũ · ∇p results in
Since at a stationary point the variation vanishes for arbitraryũ, we obtain p 0 = p(0), as well as the following strong form of the adjoint system (where we assume that the variables are sufficiently regular for integration by parts)
Note that (3.3) is a final value problem, since p is given at t = T rather than at t = 0. Thus, (3.3) has to be solved backwards in time, which amounts to the solution of an advection-diffusion equation with velocity −v. Finally, the variation of the Lagrangian with respect to the initial condition u 0 in directionũ 0 is
This variation vanishes for allũ 0 , if
holds, combined with homogeneous Neumann conditions for u 0 on all boundaries. Note that the optimality system (3.1b)-(3.1d), (3.3) and (3.4) is affine and thus a single Newton iteration is sufficient for its solution. The system can be solved using a conjugate gradient method for the unknown initial condition. The discretization of this initial value problem is discussed next. Its implementation is summarized in Appendix A.3 and listed in Appendix B.3.
Discretization.
To highlight some aspects of the discretization, we introduce the linear solution and measurement operators S and Q. For a given initial condition u 0 we denote the solution (in space and time) of ( 
Note that the operator on the left hand side in (3.5) is symmetric, and it is positive definite if γ 1 > 0 or γ 2 > 0. We use the finite element method for the spatial discretization and the implicit Euler scheme for the discretization in time. To ensure that the discretization of the matrix corresponding to the linear operator on the left hand side in (3.5) is symmetric, we discretize the optimization problem and compute the corresponding discrete optimality conditions, which is often referred to as discretize-then-optimize. This approach is sketched next. The discretized cost function is
T corresponds to the space-time discretization of u (N is the number of time steps and u i are the spatial degrees of freedom at the i-th time step), which satisfies the discrete forward problemSū =f . Here,ū d are the discrete spacetime measurement data, u 0 is the initial condition, andQ is the discretized (spacetime) measurement operator, i.e.,Q is a block diagonal matrix with ∆tQ (∆t denotes the time step size and Q the discrete trace operator) as diagonal block for time steps in [T 1 , T ], and zero blocks else. Moreover,M and R are the matrices corresponding to the integration scheme used for the regularization terms, andf = [Mu 0 0 .
where M is the mass matrix. The discrete forward operator,S, is
where L := M + ∆tN, with N being the discretization of the advection-diffusion operator. The discrete Lagrangian for (3.6) is
T is the discrete (space-time) Lagrange multiplier. Thus, the discrete adjoint equation is 8) and the discrete control equation is
Since (3.8) involves the block matrixS T , the discrete adjoint equation is a backwardsin-time implicit Euler discretization of its continuous counterpart. From the last row in (3.8) we obtain
as the discretization of the homogeneous terminal conditions (3.3). Discretizing (3.8) simply by p N = 0 rather than (3.10) does not result in a symmetric discretization for the left hand side of (3.5). Such an inconsistent discretization means that the conjugate gradient method will likely not converge, which shows the importance of a discretization that has an underlying discrete optimization problem, as guaranteed in a discretize-then-optimize approach. Note that as ∆t → 0, the discrete condition (3.10) tends to its continuous counterpart. The system (3.9) (with p 0 computed by solving the state and adjoint eqations) is solved using the conjugate gradient method for the unknown initial condition.
Numerical tests.
Next, we present numerical tests for the initial condition inversion problem (3.1), which is solved with the conjugate gradient method. To illustrate properties of the forward problem, Figure 3 .2 shows three time instances of the field u, using the advective velocity v from Figure 3 .1. Note that the diffusion quickly blurs the initial condition. Since the discretization uses standard finite elements, a certain amount of physical diffusion (i.e., κ cannot be too small) is necessary for numerical stability of the advection-diffusion equation. For advection-dominated flows, a stabilized finite element methods (such as SUPG; see [8] ) has to be used.
The solutions of the inverse problem for various choices of regularization parameters are shown in Figure 3. 3. In the left and middle plots, we show the recovered initial condition with L 2 -type regularization, while the right plot shows the inversion results obtained with H 1 -regularization. For these examples, quadratic finite elements in space with 3889 degrees of freedom, and 20 implicit time steps for the time discretization were used, i.e., the state is discretized with overall 77780 degrees of freedom. The CG iterations are terminated when the relative residual drops below 10 −4 , which requires 32 iterations for the regularization with the identity matrix (left plot in Figure 3. 3), 43 iterations for the L 2 -regularization with the mass matrix (middle plot) and 157 iterations for the H 1 -regularization (right plot). Figure 3 .3 shows that the L 2 -type regularization with the identity matrix allows spurious oscillations in the reconstruction, since these high-frequency components correspond to very small (or zero) eigenvectors of the misfit Hessian as well as the regularization. The smoothing effect of the H 1 -regularization prevents this behavior and leads to a much improved reconstruction. Since the measurements are restricted to Γ m , they do not provide information on the initial condition in the upper left part of the domain. Thus, in that part the reconstruction of the initial condition is controlled by the regularization only, which explains the significant differences for the different regularizations. Finally, note that the reconstructed initial concentrations also contain negative values. This unphysical behavior could be avoided by enforcing the bound constraint u 0 ≥ 0 in the inversion procedure. 4 . Source terms inversion in a nonlinear elliptic problem. As our last model problem we consider the estimation of the volume and boundary source in a nonlinear elliptic equation. We assume a situation where only point measurements are available, which results in a problem formulated as
where Ω ⊂ R n , n ∈ {1, 2, 3} is an open, bounded domain with boundary Γ := ∂Ω. The constant c ≥ 0 controls the amount of nonlinearity in the state equation (4.1b) and b(x) denotes the point measurement operator defined by 2) where N r denotes the number of point measurements, and δ(x − x j ) is the Dirac delta function. Moreover, f ∈ H 1 (Ω) and g ∈ L 2 (Γ) are the source terms, γ 1 > 0 and γ 2 > 0 the regularization parameters, and n is the outwards normal for Γ. Note that while the notation in (4.1) suggests that u d is a function given on all of Ω, due to the definition of b only the point data u d (x j ) are needed. We assume that the domain Ω is sufficiently smooth, which implies that the solution of (4.1b) and (4.1c) is sufficiently regular for the point evaluation to be well defined.
Problem (4.1) (we refer to [9] for a similar problem) is used to demonstrate features of inverse problems that are not present in the elliptic parameter estimation problem (Section 2) or the initial-time inversion (Section 3). Namely, the state equation is nonlinear, we invert for sources rather than for a coefficient, and the inversion is for two fields, for which different regularizations are used. Moreover, the inversion is based on discrete point rather than distributed or boundary measurements.
The computation of the optimality system for (4.1) is based on the Lagrangian functional
where (· , ·) Γ denotes the L 2 -product over the boundary Γ, and, as before, (· , ·) is the L 2 -product over Ω. We compute the variations of the Lagrangian with respect to all variables and set them to zero to derive the (necessary) optimality conditions. This results in the weak form of the first-order optimality system:
for all variations (ũ,f,g,p). Invoking Green's (first) identity where needed, and rearranging terms, the strong form for this system is as follows:
∇f · n = 0 on Γ,
We solve the optimality system (4.3) (or equivalently (4.4)) using the GaussNewton method described in Section 2. 3 . After discretizing and taking variations of (4.3a)-(4.3d) with respect to (u, f, g, p) we obtain the Gauss-Newton step (where we assume that the state and adjoint equations have been solved exactly and thus
Here, B is the matrix corresponding to the point measurements, R 1 and R 2 are stiffness and boundary mass matrices corresponding to the regularization for f and g, respectively, and A, C 1 and C 2 are the Jacobians of the state equation with respect to the state variables, and of the adjoint equation with respect to both control variables, respectively. With g f and g g we denote the discrete gradients for f and g, respectively.
Finally,û k ,f k ,ĝ k andp k are the search directions for the state, control (with respect to f and g), and adjoint variables, respectively. To compute the right hand side in (4.5), we solve the (nonlinear) state and adjoint equations given by equations (4.4a) and (4.4b), respectively, for iterates f k and g k . To obtain the Gauss-Newton system in the inversion variables only, we eliminate the blocks corresponding to the Newton updatesû andp and obtain
Thus, the reduced (Gauss-Newton) Hessian becomes
and the reduced linear system reads
This symmetric positive system is solved by the preconditioned conjugate gradient method, where a simple preconditioner is given by the inverse of the regularization operator (the first block matrix in (4.7)).
Here, we present some numerical results for the nonlinear inverse problem (4.1). The upper row in Figure 4 .1 shows the noisy measurement data (left; only the data at the points is used in the inversion), the "true" volume source f (middle) and boundary source g (right) used to construct the synthetic data. The lower row depicts the results of the inversions for the regularization parameters γ 1 = 10 −5 and γ 2 = 10 −4 . The middle and right plots on the same row show the reconstruction for f and g, and the left plot shows the state solution corresponding to these reconstructions. Note that the regularization for the volume source f leads to a smooth reconstruction. The L 2 -regularization for the boundary source g favors reconstructions with small L 2 -norm but does not prevent oscillations. The optimality system (4.3) is solved using an inexact Gauss-Newton-CG method as described in Section 2. 6 . The inversion is based on 56 measurement points (out of which more than half are located near the boundary to facilitate the inversion for the boundary field). The mesh consisted of 1206 triangular elements, and we used linear Lagrange elements for the discretization of the source fields and quadratic elements for the state and the adjoint. The iterations are terminated when the L 2 -norms of the f -gradient (g f ) and the g-gradient (g g ) drop below 10 −7 . For this particular example, the number of Gauss-Newton iterations was 11, and the total number of CG iterations (with an adaptive tolerance for the CG solve ranging from 5 × 10 −1 to 6 × 10 −4 ) was 177. This amounted to a total number of 11 nonlinear state and linear adjoint solves (one at each Gauss-Newton iteration), and 177 (linear) state-adjoint solves (one at each CG iteration).
Extensions and other frequently occurring features.
The model problems used in this report illustrate several, but certainly not all important features that arise in inverse problems with PDEs. A few more typical properties that are common in inverse problems governed by PDEs, which have not been covered by our model problems are mentioned next.
If the inversion field is expected to have discontinuities but is otherwise piecewise smooth, the use of non-quadratic regularization is preferable over the quadratic gradient regularization used in (2.1). The total variation regularization
for a parameter field a defined on Ω can, in this case, result in improved reconstructions since T V (a) is finite at discontinuities, while quadratic gradient regularization becomes infinite at discontinuities. Thus, with quadratic gradient regularization discontinuities are smoothed, while they often can be reconstructed when using T V (·) as regularization.
Another frequently occurring aspect in inverse problems is that data from multiple experiments is available, which amounts to an optimization problem with several PDE constraints (each PDE corresponding to an experiment), and makes the computation of first-and second-order derivatives costly.
Finally, we mention that many inverse problems involve vector systems as state equations, which can make the derivation of the corresponding optimality systems more involved compared to the scalar equations used in our model problems.
Appendix A. Implementation of model problems. In this appendix our implementations for solving the model problems presented in this paper are summarized. While in the following we use the COMSOL Multiphysics (v3.5a) [10] finite element package (and the MATLAB syntax), the implementations will be similar in other toolkits. In this section, we describe parts of the implementation in detail. Complete code listings are provided in Appendix B.
A. 1 . Steepest descent method for linear elliptic inverse problem. Our implementation starts with specifying the geometry and the mesh (lines 2 and 3), and with defining names for the finite element basis functions, their polynomial order and the regularization parameter (lines [4] [5] [6] [7] [8] . In this example, we use linear elements on a hexahedral mesh for the coefficient a (and for the gradient), and quadratic finite element functions for the state u, the adjoint p and the desired state u d . The latter is used to compute and store the synthetic measurements, which are computed from a given coefficient atrue (defined in line 6).
Homogeneous Dirichlet boundary conditions for the state and adjoint equations are used. In line 14 the conditions u = 0, p = 0 and u d = 0 on ∂Ω are enforced. The weak form for the state equation with the target coefficient atrue, which is used to compute the synthetic measurements, is given in line 15, followed by the state equation with the unknown, to-be-reconstructed coefficient a (line 16). Lines 17-19 define the weak forms of the adjoint and the gradient equations, respectively. Note that in COMSOL Multiphysics, variations (or test functions) are denoted by adding "_test" to the variable name.
14 fem . bnd . r = {{ ' u ' ' p ' ' ud ' } } ; 15 fem . equ . e x p r . g o a l = ' −( a t r u e * ( udx * u d x t e s t+udy * u d y t e s t )− f * u d t e s t ) ' ; 16 fem . equ . e x p r . s t a t e = ' −( a * ( ux * u x t e s t+uy * u y t e s t )− f * u t e s t ) ' ; 17 fem . equ . e x p r . a d j o i n t = ' −( a * ( px * p x t e s t+py * p y t e s t ) −(ud−u ) * p t e s t ) ' ; 18 fem . equ . e x p r . c o n t r o l = [ ' ( grad * g r a d t e s t −gamma * ( ax * g r a d x t e s t ' . . .
'+ ay * g r a d y t e s t ) −(px * ux+py * uy ) * g r a d t e s t ) ' ] ;
To synthesize measurement data, the state equation with the given coefficient atrue is solved (lines 20-22). We add noise to our synthetic data (line 32) to lessen the "inverse crime" [18] , which occurs due to the fact that the same numerical method is used in the inversion as for creating the synthetic data. 32 
X(UDI) = X(UDI) + d a t a n o i s e * max( abs (X(UDI ) ) ) * randn ( l e n g t h (UDI ) , 1 ) ;
We initialize the coefficient a (line 33; the initialization is a constant function) and (re-)define the weak form as the sum of the state, adjoint, and control equations (line 34). Note that, since the test functions for these three weak forms differ, one can regain the individual equations by setting the appropriate test functions to zero. To compute the initial value of the cost functional, in line 36 we solve the system with respect to u only. For the variables not solved for, the finite element functions specified in X are used. Then, the solution of the state equation is copied into X, and is used in the evaluation of the cost functional (lines 37 and 38). Next, we iteratively update a in the steepest descent direction. For a current iterate of the coefficient a, we first solve the state equation (line 40) for u. Given the state solution, we solve the adjoint equation (line 42) and compute the gradient from the control equation (line 44). A line search to satisfy the Armijo descent criterion [22] is used (line 56). If, for a step length α, the cost is not sufficiently decreased, backtracking is performed, i.e., the step length is reduced (line 61). In each backtracking step, the state equation has to be solved to evaluate the cost functional (lines 53-54). The steepest descent iteration is terminated when the norm of the gradient is sufficiently small. The complete code listing of the implementation of the gradient method applied to solve problem (2.1) can be found in Appendix B.1.
A.2. Gauss-Newton CG method for linear elliptic inverse problem. Differently from the implementation of the steepest descent method, which relies to a large extent on solvers provided by the finite element package, this implementation makes explicit use of the discretized operators corresponding to the state and the adjoint equations. For brevity of the description, we skip steps that are analogous to the steepest descent method and refer to Appendix B.2 for a complete listing of the implementation.
After setting up the mesh, the finite element functions a, u and p corresponding to the coefficient, state and adjoint variables, as well as their incrementsâ,û andp, are defined in lines 4 and 5.
As in the implementation of the steepest descent method, the synthetic data is based on a "true" coefficient atrue, and noise is added to the synthetic measurements; the corresponding finite element function is denoted by ud. The indices pointing to the coefficients for each finite element function in the coefficient vector X are stored in AI,dAI,dPI,. . . . After setting the coefficient a to a constant initial guess, the reduced gradient is computed, which amounts to the right hand side in the reduced Hessian equation. For that purpose, the state equation (lines 50-52) is solved. Next, the KKT system is assembled in line 57. Note that the system matrix K does not take into account Dirichlet boundary conditions. These conditions are enforced through the constraint equation N*X=M (where N and M are the left and right hand sides of the boundary conditions and can be returned by the assemble function). Our implementation explicitly uses the individual blocks of the KKT system-these blocks are extracted from the KKT system using the index vectors dAI, dUI, dPI; see lines 58-61. Note that the choice of the test function influences the location of these blocks in the KKT system matrix. Since Dirichlet boundary conditions are not taken care of in K (and thus in the matrix A, which corresponds to the state equation), these constraints are enforced by a modification of A (see lines 58-61). The modification puts zeros in rows and columns of Dirichlet nodes and ones into the diagonals; see lines 62-68. Additionally, changes to the right hand sides are made using a vector chi, which contains zeros for Dirichlet degrees of freedom and ones in all other components (lines 69-70). An alternative approach to eliminate the degrees of freedom corresponding to Dirichlet boundary conditions is to use a null space basis of the constraints originating from the Dirichlet conditions (or other essential boundary conditions, such as periodic conditions). COMSOL's function femlin can be used to compute the matrix Null, whose columns form a basis of the null space of the constraint operator (i.e., the left hand side matrix of the constraint equation N*X=M). For instance, the following lines show how to eliminate the Dirichlet boundary conditions and solve the adjoint problem using this approach. 
Note that the assemble function linearizes nonlinear weak forms at the provided linearization point (X in our case-the linearization point is zero if it is not provided). By setting the adjoint variable to zero, we avoid unwanted contributions to the linearized matrices. In the above code snippet, we use femlin to provide a basis of the constraint space, which allows us to compute the solution in the (smaller) constraint space. This solution Ke\Le is then lifted to the original space by multiplying it with Null.
After this side remark, we continue with the description of the Gauss-Newton-CG method description for the elliptic parameter estimation problem. Since the state operator A has to be inverted repeatedly, we compute its Choleski factorization beforehand; see line 71. Now, to compute the right hand side of the Gauss-Newton system, the adjoint equation can be solved by a simple forward and backward elimination (line 72). The resulting adjoint is used to compute the reduced gradient (line 73). Note that MG denotes the coefficients of the reduced gradient, multiplied by the mass matrix, which corresponds to the right hand side in the reduced Gauss-Newton equation (see equation (2.14) in Section 2.5).
To solve the reduced Hessian system and obtain a descent direction, we use MAT-LAB's conjugate gradient function pcg. Thereby, the function elliptic_apply_logb, which is specified below, implements the application of the reduced Hessian to a vector. The right hand side in the system is given by the negative gradient multiplied by the mass matrix. We use a loose tolerance early in the CG iteration, and tighten the tolerance as the iterates get closer to the solution, as described in Section 2.6 (see line 80). The vector D resulting from the (approximate) solution of the reduced Hessian system is used to update the coefficients of the FE function a. A line search with an Armijo criterion is used to globalize the Gauss-Newton method. In the presence of inequality constraints, we render the logarithmic barrier parameter mu to a positive value (e.g., mu=1e-10) and check for constraint violations (lines 89-99). This is done by computing the maximum allowable step length in the line search to maintain X(AI) > X(A0I) (lines 97-98). We conclude the description of the Gauss-Newton implementation with giving the function elliptic_apply_logb for both approaches to incorporate the Dirichlet boundary conditions. This function applies the reduced Hessian to a vector D. Note that, since the precomputed Choleski factor AF is triangular, solving the state and the adjoint equation only amounts to two forward and two backward elimination steps.
1 f u n c t i o n GNV = e l l i p t i c a p p l y l o g b (V, c h i , W, AF, C, R, X, AI , A0I , mu) 2 du = AF \ (AF' \ ( c h i . * (−C * V ) ) ) ; 3 dp = AF \ (AF' \ ( c h i . * (−W * du ) ) ) ; 4 Z = mu * s p d i a g s ( 1 . / (X( AI ) − X( A0I ) ) .ˆ2 , 0 , l e n g t h ( AI ) , l e n g t h ( AI ) ) ; 5 GNV = C' * dp + (R + Z ) * V;
The second approach, which uses the basis of the constraint null space Null, reads:
1 f u n c t i o n GNV = e l l i p t i c a p p l y l o g b (V, Null , W, AF, C, R, X, AI , A0I , mu) 2 du = AF \ (AF' \ ( Null ' * (−C * V ) ) ) ; 3 dp = AF \ (AF' \ ( Null ' * (−W * ( N u l l * du ) ) ) ) ; 4 Z = mu * s p d i a g s ( 1 . / (X( AI)−X( A0I ) ) .ˆ2 , 0 , l e n g t h ( AI ) , l e n g t h ( AI ) ) ; 5 GNV = C' * ( N u l l * dp ) + (R + Z ) * V;
A. 3 . Conjugate gradient method for inverse advective-diffusive transport. Here we summarize implementation aspects that are particular to the inverse advective-diffusive transport problem. The matrices corresponding to the stationary advection-diffusion operator and the mass matrix are assembled similarly as in the elliptic model problem. The discretization of the measurement operator Q is a mass matrix for the boundary Γ m . To obtain this matrix, we set the weak form corresponding to Ω to zero (line 49), and use a mass matrix for the boundary Γ m only (line 50). The most interesting part of the implementation for this time-dependent problem is the application of the state-adjoint solve (see Section 3.1), which is discussed next. The function ad_apply that applies the left hand side from (3.5) to an input vector U0 is listed below in lines 1-17. The time steps for the state variable UU and the adjoint PP are stored in columns, by L we denote the discrete advection-diffusion operator, and by M the domain mass matrix. The lines 5-8 correspond to the solution of the state equation, and lines 9-16 to the solution of the adjoint equation, which is solved backwards in time. The factor computed in line 12 controls if measurements are taken for time instances or not. Note that the adjoint equation is solved using the discrete adjoint scheme (in space and time) we described in Section 3.1. A complete code listing for this problem can be found in Appendix B.3.
A. 4 . Gauss-Newton-CG for nonlinear source inversion problem. Some implementation details for the nonlinear inverse problem (4.1) are described next. Most parts of the code are discussed above, hence we focus on a few new aspects only.
We recall that the inversion in (4.1) is based on discrete measurement points rather than distributed measurements. The discretization of this operator is a mass matrix for the data points x j , j = 1, ..., N r . To obtain this matrix, we set the weak form corresponding to Ω and the boundary Γ to zero (lines 89-90) and add a mass matrix contribution for the data points (line 91). The second novelty in problem (4.1) is that we invert for two fields, f and g, where g is defined on the boundary. Therefore, the g-gradient (control) equation is defined on the boundary. In line 105, we define the weak forms corresponding to the state equation and the incremental equations. We note that the weak form of the equation for the gradient with respect to g is defined on the boundary (see line (106)). The remaining terms in this definition correspond to the weak forms of the second variation of the Lagrangian with respect to p and g, and the boundary weak term corresponding to the state equation.
f and g, hence the apply function computes the action of the Hessian on a vector corresponding to both updatesf k (denoted by V 1 ) andĝ k (denoted by V 2 ) (lines 7-8). The cost function evaluation for given solution vector X is listed below: 
